Abstract. It has been conjectured by Rovelli that there is a correspondence between the space of link classes of a Riemannian 3-manifold and the space of 3-geometries (on the same manifold). An exact statement of his conjecture will be established and then verified for the case when the 3-manifold is compact, orientable and closed.
Introduction.
In [6, p. 1661 ], Rovelli sketched a proof showing how a certain collection of nloops, which he called weaves, are related to the flat 3-metric. He then conjectured that perhaps there exists a relationship between n-loops, 1 for n < ∞, and 3-metrics.
The relationship between n-loops, for n < ∞, and 3-metrics will not be answered in this paper (and so, it still remains an open question); however, what will be shown in this article is that there exists a precise relationship between 3-geometries and a subset of ℵ 0 -knots, where an n-knot is defined to be an equivalence class of n-loops under (smooth) ambient isotopies (cf. §3). The approach given here is entirely different to that outlined by Rovelli in [6] : tersely, Rovelli introduced a lattice spacing on the 3-manifold-the distance between parallel non-intersecting curves which defines a weave in 3-space-to obtain his conclusion regarding weaves and flat metrics; this, in turn, motivated his conjecture. Here, no such assumptions will be made and the results are purely 'topological'.
The attention here will be focused on compact, Riemannian 3-manifolds. In this paper, the term Riemannian metric means a smooth, non-degenerate, symmetric, covariant 2-tensor that is positive-definite on the base manifold. The fact that the 3-manifold is separable is crucial in the construction: this, at least, explains why ℵ 0 -loops are used rather than n-loops for n < ∞. The main interest in
Rovelli's conjecture is that it will provide a tentative physical interpretation of the loop representation of quantum gravity [7] : it yields a possible insight into the interweaving of topology and geometry at the quantum level. More will be said in section 5.
In all that follows, the spatial (Riemannian) 3-manifold, denoted by Σ, is assumed to be smooth, orientable, closed and compact; R + def = { s ∈ R | s ≧ 0 } and
. Lastly, let Diff + (Σ) denote the group of smooth, orientation-preserving, diffeomorphisms on Σ. An overview of this paper runs as follows: section 2 introduces the required notations and definitions, whilst in section 3, the property of the space of ℵ 0 -knots of a subset of ℵ 0 -loops will be examined. This space will establish the sought for correspondence between topology and geometry. In section 4, a variant of the Rovelli conjecture will be formulated precisely and then verified; then, in section 5, some interesting speculations regarding the results established in §4 will be outlined.
Preliminary Definitions and Notations.
Let Ω Σ = { γ : I → Σ | γ(0) = γ(1), γ continuous } be the space of loops in Σ and equip it with the compact-open topology. Fix a Riemannian metricq on Σ and letd : Σ × Σ → R + be the distance function on Σ induced byq. Then, the Hence, all the metrics d Ω are also equivalent.
LetL Σ ⊂ Ω Σ be the space of piecewise smooth loops in Σ endowed with the subspace topology. Next, quotient away the constant loops-i.e., γ(I) = {x γ },
Lemma. L 0 is closed and nowhere dense inL Σ .
Proof. Let {γ n } n be a sequence in L 0 which converges to γ 0 ∈L Σ . By definition, γ n (I) = x n ∈ Σ ∀ n and Σ compact Hausdorff imply that ∃ x 0 ∈ Σ and a subse-
once that γ 0 (t) ≡ x 0 on I and L 0 is thus closed, where d Ω |L Σ ×L Σ is denoted by
d Ω for simplicity.
Finally, to complete the proof, suppose that the interior
The neighbourhood base of 0 Σ ≡π(γ) ∀ γ ∈ L 0 can now be constructed. It follows from the quotient topology and lemma 2.2 that for each neighbourhood 
Proof. To establish this claim, it is enough to show thatπ maps closed neighbourhoods C η of η ∈ L 0 into closed neighbourhoods of 0 Σ . Invoking the quotient topology, it will suffice to verify thatπ 
In the following account, call a curve in Σ a q-geodesic if it is a geodesic in Σ relative to the Riemannian metric q. Also, if γ, η are curves such that γ(1) = η(0),
Then, γ is said to be a piecewise geodesic loop if there exists a Riemannian metric q on Σ and n smooth q-geodesics γ 1 , . . . , γ n : I → Σ, 1 ≦ n < ∞, such that γ = γ 1 * · · · * γ n .
3
Let Γ + 2 denote the space of (smooth) Riemannian metrics on Σ (endowed with the compact C ∞ -topology 4 ) and D Σ ⊂ Σ a countably dense subset of Σ. Now, 3 Note that each γ i in γ is still a q-geodesic with respect to its new parametrization [
] is clearly an affine transformation. 4 The compact C ∞ -topology is defined in the appendix.
, to be the set of all countably infinite multi-loops γ = { γ i | i ∈ N } satisfying the following two properties:
the subset γ is in bijective correspondence with D Σ under the map
. An immediate consequence of the definition is the following two observations. Suppose
. Let Γ(q) and Γ(q ′ ) be the Riemannian connections of q and q ′ respectively. Fix an admissible atlas {(U α , ψ α )} α on Σ. Then, with respect to each chart U α ,
j a.e.
= 0 and (γ
a.e.
= 0 means
with respect to local coordinate basis, Γ(q)
likewise for q ′ ); consequently, q and q ′ are related homothetically; that is, ∃ c > 0 constant such that q ′ = cq. 5 More generally, q, q ′ are related by some coordinate transformation, as is shown below.
Let f : Σ → Σ be a smooth diffeomorphism, where Σ = (Σ, q) and set
* q-geodesic in Σ f and conversely, by symmetry (as isometries map geodesics into geodesics). Hence, in view of these two observations, each
] is assigned to a unique 3-geometry of Σ, where the space of 3-geometries is defined to be the quotient space As a converse remark, notice that if Σ were not separable or that γ q = { γ i q | i ∈ N } were not chosen to satisfy (2), γ q need not uniquely determine [q] ∈ Q.
For want of a better term, call M ∞ [Γ + 2 ] the space of piecewise geodesic ℵ 0 -loops. 5 Note trivially that as q, q ′ are positive-definite, c < 0 is not an admissible solution.
Now, a suitable topology can be defined on this space. To do this, let L ∞ be the set of affinely parametrized, piecewise geodesic loops in Σ and let L ∞ Σ denote the countably infinite set-theoretic product of L Σ . Define an equivalence relation
The subsets M σ admit suitable metrics to be constructed below. Firstly, fix a finite atlas A on Σ and letd Ω be a metric on L Σ compatible with its quotient topology.
Then, for any pair
with sup running over all relevant (finite) charts (U, ϕ) ∈ A, ess denoting that the
is not defined only on a finite (possibly zero) set of points in I wherein γ i and η i are not differentiable, and D k γ i (t) denotes the kth differential of γ i at t in abused notation. It is routine to verify that d σ is indeed a metric. In all that follows, M σ will be endowed with the d σ -topology.
2.6. Remark. Let A denote the maximal atlas of Σ and define a topology on
simplicity, and let
It can be shown that this topology is equivalent to thed σ -topology on M σ . In particular, thed σ -topologies on M σ defined relative to any two finite atlases of Σ are equivalent. Hence, in this sense, thed σ -topology is well-defined as it does not depend on the choice of finite atlas A on Σ.
A topology on M ∞ [Γ + 2 ] can now be constructed. Firstly, notice that the spaces M σ and M σ ′ are homeomorphic for each pair σ, σ First of all, some notations and elementary properties of the space of equivalence ℵ 0 -loop classes will be established. Let G + a be the set of (smooth) orientationpreserving, ambient isotopies on Σ. That is, G + a ⊂ C ∞ (Σ×I, Σ×I) is the following set: 
where 
where Proof. By lemma 3.1, it will suffice to show that the equivalence relation R gener-
] to (γ 0 , η 0 ). By definition, ∃ a sequence {F n } n in G + a such that F n : γ n ≃ η n for each n. So, (γ n , F n · γ n ) → (γ 0 , η 0 ) ⇒ F n · γ n → η 0 and γ n → γ 0 , and hence implying that {F n } n is a convergent sequence in G + a . Consequently, G + a is closed implies that F n → F 0 ∈ G + a for some F 0 . Whence, η 0 ≡ F 0 · γ 0 and R is thus closed, as desired.
In the interest of simplicity, call γ ∈ M ∞ [Γ + 2 ] a piecewise (ℵ 0 , q)-geodesic loop whenever the 3-metric q is required to be specified.
Proof. Let F ∈ G + a be an ambient isotopy of γ andγ: F ·γ =γ. Then, evidently,γ is a piecewise (ℵ 0 , (F −1
)
* q)-geodesic. However,γ is also a piecewise (ℵ 0 ,q)-geodesic;
hence, by §2 (2), ∃ f ∈ Diff + (Σ) such thatq = f * q, as required.
ℵ 0 -Knots and Classical Geometry.
In this section, the relationship between the equivalence classes of ℵ 0 -loops in Σ and the (classical) geometries admissible on Σ will be studied. This correspondence can be easily sought simply by noting that each element in M ∞ [Γ 
, where n i ∈ N, n < ∞ and q 0 ∈χ(γ 0 ) = [q 0 ] is a representative of the q 0 -equivalence class. Set N ([q 0 ]) = π + (N (q 0 )). Then,
Next, observe from the definition that
= 0 ∀ i ∈ N and ℓ = 1, 2, 3, where Γ(q) is a Riemannian connection determined by the 3-metric q (with the connection coefficients written with respect to the natural frame for simplicity).
So, by choosing ε > 0 to be sufficiently small, and by fixing any σ-and setting
, and in particular, using ( * ),
where q η ∈χ(η).
ℓ kj | is small on Σ for each fixed ℓ, k, j whenever ε > 0 is small enough by appealing to §2 (2) and the continuity of Γ. Thus, from Γ(q)
lows that ∃ f ∈ Diff + (Σ) such that f * q η and q 0 , together with their kth derivatives, must be close to one another:
and hence q η must both belong toÑ ([q 0 ]) for ε > 0 sufficiently small. Whence,
, and the continuity ofχ follows.
Finally, to conclude this proof, observe that for any
andχ is thus open, as desired.
In spite of the divergent approach given here with Rovelli's original idea, the following corollary could perhaps be christened as the weak Rovelli conjecture inasmuch as the notion of relating knots with geometry originated from Rovelli [6] .
Corollary (Weak Rovelli Conjecture). The mapχ induces a continuous, open surjection
Proof. This map χ is well-defined by lemma 3.3. The result now follows immediately from theorem 4.1, lemma 3.1 and the commutativity of the following diagram:
Two comments regarding theorem 4.1 and its corollary are now in order. Firstly, it is certainly evident that if Σ be separable (which, here, it is in any case!), then it is sufficient to characterized its 3-geometries by the ℵ 0 -loops in M ∞ [Γ 
, and the assertion thus follows.
This concludes the classical description of ℵ 0 -knots and their relationship with 3-geometries.
Discussion.
In this final section, a possible physical interpretation-albeit a highly speculative one!-regarding knots and gravity will be sketched. As was pointed out before, the separability of Σ guarantees thatχ in theorem 4.1 remains well-defined. Furthermore, as classically, gravity-or equivalently, the 4-metric-of space-time is determined by the distribution of matter in the universe via Einstein's field equations, gravity is a 'global' concept. In this sense, if n-loops can describe gravity in any way, then, provided that space-time be separable, loops that will best describe it are ℵ 0 -loops. Indeed, a judicious choice of ℵ 0 -loops-such as those given in the preceding sections-enables one to recover the underlying Riemannian 3-manifold
. In the light of this observation, it is not unreasonable to conclude that gravity is the result of the way . Also, define π 
8 For j 1 φ(p) ∈ U 1 αα ′ ⇒ π 0 1 (j 1 φ(p)) = (p, φ(p)) ∈ U α × U α ′ ⇒ j 2 φ(p) ∈ U 2 αα ′ and so, U 1 αα ′ ⊆ π 1 2 (U 2 αα ′ ). Conversely, j 1 φ ′ (p ′ ) ∈ π 1 2 (U 2 αα ′ ) ⇒ j 2 φ ′ (p ′ ) ∈ U 2 αα ′ ⇒ (p ′ , φ ′ (p ′ )) ∈ U α × U α ′ ⇒ the converse set-inequality, as required.
